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ABSTRACT: We study the fermionic T-duality symmetry of integrable Green-Schwarz sigma
models on AdS backgrounds. We show that the sigma model on AdSs x S' background
is self-dual under fermionic T-duality. We also construct new integrable sigma models on
AdSs x CP™. These backgrounds could be realized as supercosets of SU supergroups for
arbitrary n, but could also be realized as supercosets of OSp supergroups for n = 1,3. We
find that the supercosets based on SU supergroups are self-dual under fermionic T-duality,
while the supercosets based on OSp supergroups are not. However, the reasons of OSp
supercosets being not self-dual under fermionic T-duality are different. For OSp(6/|2) case,
corresponding to AdS, x C'P3 background, the failure is due to the singular fermionic
quadratic terms, just like AdSy x CP? case. For OSp(3|2) case, the failure is due to the
shortage of right number of k-symmetry to gauge away the fermionic degrees of freedom,
even though the fermionic quadratic term is not singular any more. More general, for the
supercosets of the OSp supergroups with superalgebra B(n,m), including AdSs x S?" and
AdSy x S?" backgrounds, the sigma models are not self-dual under fermionic T-duality as
well, obstructed by the x-symmetry.
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1 Introduction

Recently, it was found that /' =4 SYM gluon scattering amplitudes display a non-trivial
symmetry called the dual conformal invariance [1-3], originating from self-dual symmetry
of the AdSs under T-duality. This dual conformal symmetry can be extended to the full
dual superconformal symmetry [4, 6], considering full set of supergluon amplitudes. In this
case, the existence of fermionic T-duality transformation play a key role. The AdSs x S°
Green-Schwarz superstring theory is self-dual under a combination of bosonic and fermionic
T-duality. This fact explains the superconformal and the dual superconformal invariance
in =4 SYM.

It turns out that the T-duality is closely related to the integrability of the sigma
models [5, 6]. For AdS,, background, the sigma models are self-dual under bosonic T-
duality, suggesting the local Noether charges of dual model are related to the non-local
charges of the original model and vice versa. This relation could be generalized to the
integrable super-coset models which are self-dual under the combination of bosonic and
fermionic T-duality transformations. In fact, both bosonic and fermionic T-duality could
be understood as the discrete automorphism of the global symmetry algebra.

It is interesting to investigate if and under what conditions other integrable sigma
models could be self-dual under fermionic T-duality. In [7], the authors considered more
general integrable Green-Schwarz sigma models on AdS backgrounds. They showed that
the sigma models on AdS, x SP(p = 2,3) background which are supercosets of PSU su-
pergroups are self-dual under fermionic T-duality, while the non-critical AdSs and AdSy
models and the critical AdS, x CP? which all are supercosets of OSp supergroups are not.



They also argued that in general the models which are supercosets of ortho-symplectic
groups are not self-dual under fermionc T-duality, hence are short of the dual supercon-
formal symmetry even its dual models exist. It was argued that the absence of fermionic
self-duality in OSp modes is due to the lack of appropriate fermionic quadratic terms, be-
cause the Cartan-Killing bilinear form of OSp group is only nonvanishing for the products
of different fermionic generators.

In this paper, we explore this problem further by analyzing other integrable Green-
Schwarz sigma models on AdS backgrounds. We consider integrable supercosets with Zj4
grading. The existence of Z4 grading of supercosets allows us to construct one-parameter
families of flat currents [8, 9], which in turn allow for the construction of infinitely many
non-local charges [12]. We first show that the sigma model with AdSs x S! background,
which is the supercoset of SU(2,2|2) supergroup, is self-dual under fermionic T-duality. We
then present a series of new integrable Green-Schwarz sigma models with the backgrounds
AdSy x CP™. Considering the critical dimension of superstring, we only focus on the cases
with n < 4. These backgrounds could be taken as supercosets of SU supergroups for
arbitrary n. However, for n = 1, 3 the backgrounds could also be realized as supercosets of
OSp supergroups. We show explicitly that all of the SU cases are self-dual under fermionic
T-duality, while the OSp cases are not. Our study on AdSs x C'P™ with n = 1,3 shows
that even the bosonic background is the same, the different supersymmetrizations may
have different behavior under fermionic T-duality.

Moreover, we find that in the n = 1 Osp supergroup case, corresponding to AdS, x C P!
background, even though the sigma model has regular fermionic quadratic term, it fails to
be self-dual under fermionic T-duality. The failure is due to the shortage of xk-symmetry
to gauge away the right number of fermionic degrees of freedom. This happens for other
backgrounds, including AdSs x S?" and AdSyxS?". Therefore, in general, the sigma models
on supercosets of OSp supergroup can not be self-dual under fermionic T-duality, but due
to different reasons. For OSp supergroups with superalgebra of types C'(n) and D(m,n),
the failure stems from the singular fermionic quadratic terms, while for OSp supergroups
with superalgebra of type B(m,n), the failure comes from the shortage of k-symmetry.

This paper is organized as follows. In section 2 we show that the AdSs x S* background
is self-dual under a combination of bosonic and fermionic T-duality. In section 3, we study
the AdSy x CP™ cases. We first discuss the SU cases. After presenting their superalgebra
and Z4 automorphism which are crucial for the integrability, we preform the T-duality via
Buscher’s procedure, and show that the supercoset models are self-dual under T-duality.
Then we turn to the OSp cases, and show that they are not self-dual, due to different
reasons. In section 4, we conclude and present a brief discussion. We collect some technical
details into the appendices. In appendix A, we give the definition of the generators of the
superalgebra SU(1,1|n). And in appendix B, we discuss the r-symmetry in AdSs, x
52" backgrounds.

2 AdSs x S! background

In this section we consider the Green-Schwarz sigma-model on AdSs x S! using the su-
percoset manifold SU(2,2|2)/(SO(4, 1) x SO(3)). It was first pointed out by Polyakov [10]



that noncritical AdS), x S? are conformal invariant and should be dual to gauge theories
with less or no supersymmetries. And later on in [11], Klebanov and Maldacena found
the AdSs x S! solution in the low energy supergravity effective action of six dimensional
noncritical string theory with Ramond-Ramond flux and in the presence of space-time fill-
ing D5-branes. This solution has the right structure to be dual to N/ = 1 supersymmetric
gauge theories with flavors, in agreement with the proposal in [10]. It has been shown that
such background could be realized as integrable supercoset with Z4 structure [9].

For AdSs x S* background, the su(2,2]2) algebra and its Z4 structure were studied
in [9]. Here we redefine the generator as

D= M457 Pa = Ma5 - Ma4a Ka = Ma5 + Ma47
’ 1 1 . _ . 1 . ) .
Qaa = 58015004 B (Qéﬁ/ - ZQ%Q’)? Qg’ = _§(Q(11’?[ + ZQgﬁ{)’
1 i — 1 130 16 . 243
Soar = _5( (1)404’ + ZQia’)? Sg - 550’4,30& o (Qﬁé o ZQﬁé)’ (21)

then we have the non-trivial brackets of the algebra

[ ]:P [D’KG]Z_KOL’
[Paa Kb] =2 abD + 2Mab7
[Paa Mbc] Tlab nacha [Kaa Mbc] = nach - Uach,
[Map, Mcg) = Uadec + MeMaa — NacMpa — MbaMac,
/ 1 / 1
[D, anz ] = §roo¢ ) [D, Sozo/ = _550404”
[Ta/ 5 Tb’] = 5a/b’c/Tc/7
[Pa; Saar] = —iQ% (Fa) s (Ko, Q] = —iS% (G4) b
/ 1 / 1
[Map, Q%] = §Qﬁa (Uaé)%’ [Mab, Saar] = 5550/(0&1?)%’
’ 1 / !/ ’ 1 / !
(T, Q™) = 5Q ()3, (T, 5% = 55°7 ()i
/ 7: ! 7:
[Qaa 7R] = 5@00 s [Saa’a R] = _§Saa’=
{Q,Q4} = (0°)°%65 P, {Saars 55 } = (0")aa 0 Ka,
/ / 1
QY Sp} = 5305 [z (D + 57“1’Mab> - R} — 2i05 ()3 T (2.2)

Here a,b = 0,1,2,3 are the so(1,3) indices, a, 3 = 1,2 and &, = 1,2 are the so(1,3)

spinor indices, which are lowered and raised using €9 = —eg; = 1, €2 = —€?! = —1,
€y = —€5 = 1,612 = —¢?l = —1 . The matrices (Nap) = (nab) :7diag(_ + ++), and
the Dirac matrices are formed by ¢¢ = (1,0%), 6% = (1,—0'), 0% = %[0%,5%. And

a',t/ = 1,2,3 are the so(3) indices, o/, = 1,2 are the so(3) spinor indices, which are
lowered and raised using Co/gr = 1og. The matrices (14) = diag(+ + +), and the Dirac
matrices are 7, = —ioy. T,y and R are the generators of su(2) and u(1) respectively.



The Zj-automorphism invariant subspaces are classified as
Ho = {Pa - Kaa Jab, Ta/},
Hy = {gaﬁca’ﬁ’Qﬁgl - Sozo/7 gdﬁca’ﬁ’gg - leh
H2 - {Pa +KG7D7R}7
Hs = {504500/6/@66/ + Saa 5d6Ca/ﬁ/g§ + Qg”} (2.3)

where H; denotes the subspace of grading i.
The non-vanishing components of the Cartan-Killing bilinear forms are

Str(PaKb) - _znab7 Str(DD) - 17 Str(Jachd) = Nactlbd — Nadlbes

1 / . ’
Str(RR) == 4, StI’(Ta/Tb/) = _55(1’17’, StI‘(Qaa Sﬁﬁ/) == 215%6%/ (24)
A general group element g € SU(2,2|2) can be parameterized as
g = exp(z®Py + 2Ky + 0o Q' + §aa/5aa/)exp(§g/6?g/ + & Sg/)yDexp(R). (2.5)

Now we use the s-symmetry to fix £2¢ = 0, and use the gauge symmetry to set 2/* = 0,
then we read the coset representative

g = exp(2°Py + O Q* Nexp(AS Q% + €% 58 )yPexp(R),
= exp(29P, + Oae Q" )eP. (2.6)

The Green-Schwarz sigma-model on the supercosets of supergroup G with Z4 auto-
morphism is generically described by the action

2
S—R

4o

_ 1 1
/szStr <JQJ2 + 5T — §J3J1> , (2.7)

where R is the AdS radius, J = ¢~ '0g for g € G and J; is the current J restricted to the
invariant subspace H; of the Z4 automorphism of the algebra of the group G. In the case
at hand, using the above algebra, the sigma-model (2.7) takes the form

R2

4o/

S

/d22|:— (Jp, + JKG)(ij + ij)nab + JpJp + 4JrJR (2.8)

+i8dﬁcaﬁ(JQg/jf —Jga'j

+Z'80‘5004’/3’(JQM, jQBB’ —Jg le s, S,g'l) ,

aal Jsbetaﬁ’ )

where the currents take the form

Ip, = [e7B(dz" Py + dOoa Q°* e p, . Jgew = e P(da Py + dBaar Q™)) poor |
Jg =0, JQZ" = [e_BdeB]Qg/ ,

Js.., =0, JSg' = [e_BdeB]Sg/ ,
Jp = [e*BdeB]D, Jr = [e*BdeB]R . (2.9)



We can now T-dualize the action with respect to z® and 6, via Buscher’s proce-
dure [13]. By introducing the bosonic gauge fields (A%, A%) for the translation P,, the
fermionic gauge fields (Aqa/, Aawr) for the supercharges Q> and the Lagrange multipli-
ers &, and 0% adding the Lagrange multiplier term

R2

4o

/ d?2[2, (DA — AY) 4 0°Y (DAer — OAnar)] (2.10)

to the action (2.8), we have the full action
R2

4o/

S

/ d?2[~nap AP AP + i O AL ALy + .
5 (DAY — JAY) + 0°Y (DAger — OAger)] (2.11)
where . .. denotes the spectator terms and
A = [ BA P + AawQ°)eP p,, Al = e P(APy+ Ay Q%) B oo (2.12)

After plugging the inverse relations A? = [eB(A"P, + Aim,Q‘m/)e’B]pa and A,y =
[eB(AP, + A%Q,Qﬁﬁ/)e*B]Qaa/ into the action, we can integrate out A* and Al , by

using their equations of motion
A = n™([P0z,PyeP]p, + 0[eP0° Poe P our)
= e P (05K, + i00°Y Sau )Pk, ,
A" = —n®([BazyPre P p, + [eBééaa/Pbe*B]Qaa/)
= e B (07 K. + i00°% Sper)eP] k., |
A = —izapCorp ([€%02.Qpze Plp, — (€700 Qpae Pla, )
= capCuple P(08a Ko + 10677 S )P s,
Ay = i2apCarp ([eP05.Qppe Plp, — (€700 Qppe g )

Yy

= —apCarple” P (08a Ko +i0077 Sy )e]s, . (2.13)
Finally we obtain the T-dualized action
R2 _ ~ . ~ / _ o . ~ /
S = p— /d22 [ — [e7B(07.K . 4+ 100° Spar )P, [e B (05K, + 100° Spar )P r,n™

—ie®PC (e B (03, Ko + 10077 S10)eP s, [e B0 Ky + 10077 S,0)eP s,

+] (2.14)

Note that the su(2,2|2) algebra admits the automorphism

P, — Ky, D——-D, Q <S4, Q% <S¢, (2.15)
with the rest of the generators unchanged. Applying this automorphism combined with
the change of variables

T =T, baw — 0%, 0 €4, Yoy, (2.16)

to (2.8), we recover (2.14). This completes our proof that the background AdSs x S! is

self-dual under fermionic T-duality.



3 AdS; x CP™ background

In this section, we turn to the sigma models on the AdSy x C'P™ backgrounds. We restrict
ourselves to the critical and noncritical superstrings with n # 4. For n = 1, since CP? is
just two-dimensional sphere S2, we have AdSs x S2, which has been studied in [7]. The
superstring propagating in the AdSs x CP™ background has the bosonic part

AdSy x CP™ 2 SO(1,2)/U(1) x SU(n + 1)/U(n). (3.1)

The supergroups which have bosonic subgroups SO(1,2) x SU(n + 1) can be SU(1,1|jn + 1)
for n = 1,2,3,4, and OSp(3|2) for n = 1 and OSp(6/2) for n = 3. This means that for
n = 1,3, we may have two different supercosets realizations, based on SU supergroups or
on OSp supergroups, with different supercharges respectively.

3.1 PSU supergroup case

In this subsection, we will focus on the SU(1,1jn + 1) case, with a sigma-model on the
coset space

SU(L, 1|n + 1)
U(1) x U(n) x U(1)

(3.2)

The last U(1) is the overall generator. The super-Lie algebras su(1,1|n) are the algebras
of (2+n) x (24 n) matrices with bosonic diagonal blocks and fermionic off-diagonal blocks

AX
M = <Y B) with trA =trB =0, (3.3)

where A and B are even(bosonic) 2 x 2 and n x n matrices. The 2 x n matrix X and n x 2
matrix Y are odd. The anti-hermiticity condition is

At —io YT
Mt= 73209 7198 gy (3.4)
—ZXTO':J, BJr
which leads to
A= —03A'0;!, B=-B", X =iosY"' (3.5)

The algebra su(1,1|n) has a Z4 automorphism, generated by the conjugation map M —
Q(M) = QMQ~! with the matrix

g3 0 0
0 0 —

This conjugation respects the anti-hermiticity conditions given above and manifestly gives
an algebra automorphism, Q*(M) = M. In addition, the invariant subalgebra Q(M) = M
is the desired bosonic u(1) ® u(n — 1) @ u(1) algebra.



Using this automorphism the algebra can be decomposed into Z4-invariant subspaces

Hy (k=0...,3) such that
He = {X esu(l,1|n)|QXQ 1 =X} . (3.7)

The su(1,1|n) algebra is generated by the following (anti)commutators:

[D,P] =P, (D, K] =—-K,
[P, K] = —2D, (R}, Ri] = 6L R} — 6/R},
. 1 1
D (A ——e D )= —— 4.
D,Q = 5@ D8] = 35
[P’ QZ] = 0’ [P, SZ] = ZQZa
[KvQZ] :1527 [K,SZ] :07
, 1 , , 1.
RL.QH = —0hQ) — Lol R0 = (85— 2ol
{inQj} = 5§P7 {Siagj} = _5;:[(7
{Q", 5} = —i(65(A + D) + Rj),
: n—2 n—2
[QZ’A] = - Qla [SZ’A] = TSZ, (38)
where 7,7 = 1,2,...,n are SU(n) R-symmetry indices, and A is the overall U(1) generator
1000...0
01{00... 0
00[(20...0
A=loolo2... 0 (39)
00[00... 2

The definition of other generators could be found in appendix A. Notice we neglect the
AdSs spinor index o = 1 of the fermionic generators (eg. Q).
The Z4-graded subspaces of the algebra are
HO = {P+K7R27A}7
Hy = {Qa - Sa’ Qd + Sd’ Qa - Sa, Qd + Sd}a
He = {P— K,D,R} R},

Hs = {Q" + 5% Q" — 5%, Qu + Sa, Qa — Sa}, (3.10)
where a,b=1,2,--- ,n — 1. The non-vanishing components of the Cartan-Killing bilinear
form are

1
Str(PK) = —1, Str(DD) = .,

Str(RIRL) = _<555;‘ - %535@,

7

Str(Q'S;) = Str(Q:57) = % (3.11)



In order to study the fermionic T-duality, it turns out to be convenient to redefine the
generators. Instead of using the above algebra directly, we redefine the Grassmann-odd

generators as linear combinations of the original ones

a_Qa+Qn A _Qa_Qn
Q - 2 ) Qa - 2 I
a S — Sy & Sa + S,
S = 5 S, = —
n_EQa_Qn A __Qn_EQn
Q - 2 ) Qn - 2 )
%8, — 8" . X8, - 8"
e g =t 12
S 2 Y S 2 9 (3 )
where the sum is over 1,2,...,n — 1. The Z,4 invariant subspaces of the algebra change to
Ho = {P+ K, R, A},
Hy = {Qa - Saa Qn + Sn7 Qa - Sm Qn + Sn}7
He ={P—-K,D,R; R},
Hs = {Q" + 9%,Q" — 5", Qu + Sa, Qn — S}, (3.13)

and the nonvanishing Cartan-Killing bilinear form of the fermionic generators change to

StI‘(QiSj) = iCij, Str(@igj) = —iCij, (3.14)
where
0 O
0 O
Cij=1 :+ + .
0 0 ... 01
—1-1... =10

The sigma-model action (2.7) now takes the form

2
S—R

47g!

1 _ 1 - 1. -
/dzz[iup —JK)(Jp = JK) + 5D Jp + 5 TRy TRy —

i

277ij(JQiij - JQiij + Jgijsj — Jsijgj) , (3.15)

where 7,, = 7ne = 1 and zero otherwise. This is exactly the same as the one in [7] if we
take n = 2.

Next, after fixing the kappa symmetry and the gauge symmetry, we parameterize the
coset element as

g = e"PH0iQ B (3.16)

where

oB = eéiQi_i_éiS’ineEy;-RZ/y‘ (3.17)



The components of the Maurer-Cartan 1-form are

Jp = [e B(dxP + d8;Q")eP]p e P(daP + d9;Q")eP] s ,

= |
Jk =0, =le” BdeP ]
Jgi =0, =le” BdeB]
Jp = e PdePp, RJ =le” BdeB] . (3.18)

We would like to do T-dual transformation in the directions of the Abelian sub-algebra
formed by the generators P and Q'. Similar to the case in section 2, we introduce the
bosonic gauge fields (A, A) for the translation P and the fermionic gauge fields (4;, 4;) for
the supercharges @Q°, and add the Lagrange multiplier term

R2

drrox

2. (7(5 N 1 Ai(d 1
; /d z[Z(0A — 0A) + 6'(0A; — 04,)] (3.19)
with # and 6% being multiplier, to the action (3.15). Then the full action takes the form

R? 1 - ;o
S = ,/sz[§A'A'—%nZJA;A;+

Ao
+#(DA — 0A) + 61(0A; — 0A,) |, (3.20)

where
A =[e B(AP + AjQ")eP|p, Al =[eP(AP + AjQ")e"] . (3.21)
With the inverse A = [eP(dzP + d8;Q")e P]p and A; = [P (dP + d6;Q")e™ )i, we find
the equations of motion
A = —2[ePoiPe B)p — 2[63897]3673]@1 = —2[e B(02K +i00°S;)eP |k ,
A" = 2(eP0iPe P|p + 2[e BgéiPe*B]Qi = 2[e"B(02K 4 i060'S;)eP )k
Al = 2in;;([e BoiQle ] [eBﬁéije_B] k) = —2n;5le” (ai“K + i@ékSk)eB]sj,
Al = 2in;; ([P0 P)p [eBééije*B]Qk) = —2n;;le P (0ZK + iéékSk)eB]gj

(3

Integrating out A’ and A”, and rescaling & — 1~ and ' — %52, we have the T-
dualized action

2
1 - _ .
Sr = 4]:()/ / d2z[§[63(a§;1{ +i00°S;)eP |k [e B(02K + i00'S;)eP |k (3.22)
7 —B/a~ AR _B/A~ A
— 577”[6 B(0iK +i00%Sy)eP)s,[e P (02K + zaﬁkSk)eB]sj +...
Using the automorphism of the algebra

P~K, D—-D, Q' <5, Q; <35, (3.23)

and changing the variables

r—x, 60—, 0, yf—>y—l2, (3.24)
we find that the action (3.15) is the same as (3.22). This shows that the supercosets of
SU(1,1|n) group is self-dual under fermionic T-duality.



3.2 The OSp case

In the above subsection we discussed the AdSs x C'P™ supercoset models based on PSU
supergroups. In this section, we will discuss another realization of AdS; x C P™ based on

ortho-symplectic supergroups. As we have said before, there are only two cases, OSp(3|2)
for n =1 and OSp(6/2) for n = 3.

3.2.1 The OSp(3|2) case

For n=1 case, there is another supercoset realization of AdSy x C P! = SO(1,2)/SO(1,1) x
SO(3)/SO(2). The supergroup OSp(3|2) corresponds to the superalgebra B(1,1), with its
bosonic subgroup being SO(3) x Sp(2). It has six real fermionic generators transforming
as the (3,2) representation of SO(3) x Sp(2). This is different from its PSU realization. In
these two different realizations, supercharges are totally different.

The algebra of osp(3|2) is

[D,P] =P, D, K] = —K, [P, K] = —2D,
D.Q1=5Q  [D.5]= 45 P,5)] = i, K.Qi] = iS;.
(i, J5] = icijiJ,  [Jin Qj] = i€ijnQr, i, S5] = i€iji Sk,

(@0Q} =05, (5.8} = 0K, {Qu5)) = ity D=y (3.25)

where i = 1,2, 3 are the SO(3) indices, and the Zj-automorphism invariant subspaces are

Ho = {P — K, J>},

Hi = {Q:i + Si},
H2 — {P+K7D5J1,J3}a
Hs = {Qi — Si}. (3.26)

The non-vanishing components of the Cartan-Killing bilinear form are

Str(PK) = 1, Str(DD) —%,
Str(JiJj) = 25ij7 Str(QiSj) = Z(SZ] (3.27)

The action take the form

R2

4o

S

1 - - 1. - -
/dQZ» |:§(Jp + JK)(JP + JK) — §JDJD + 2JJ3JJ3
_ i _ _
+2J5,J5 — §(JQ¢JQ2' —Jg,Js,) |- (3.28)
Before performing the T-duality, we would like to discuss a little bit about the x-
symmetry. Conventionally, it is expected that the x-symmetry can remove half of the

fermionic degrees of freedom. This is indeed true for supercosets of SU supergroups. How-
ever, for supercoset models of OSp supergroup, this is not the case any more. For example,
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superstring on AdSy; x CP3 [15, 16] has only eight x-symmetry degrees of freedom, rather

than the ”expected” number:twelve. Following the procedure in [15], we find that our sigma

model has only two k-symmetry degrees of freedom. The detail is given in appendix B.
After gauge fixing two fermionic parameters S1 and Ss, we have the coset element

p+01Q1+62Q 663Q3+§353yD e "ij’z ) (3.29)

g=e

Then with the (anti-)communication relation, the components of the Maurer-Cartan 1-

form are
Jp = [e BdzPe®p, Jp = [e BdeP]p, Jo, = e Pd0'QiePq,,
JS3 = [eineB]Saa JQ3 = [eineB]Qa + [einxPeB]Q:ay
JJg = [B_BdeB]Jg JJ1 = [B_BdeB]Jl + [e_Bd02Q2eB]J1’ (330)

where ¢ = 1,2. Using the fact

_ 1 B 1
le"BdzPeP|p = ;dw, [eBdo'QiePlg, = ek

1
[e"BdxPeP)q, = iddr, [e=Pdh%QqeP] ), = §d02£3,

and [e~BdePq, = jo,, [e BdeP] s, = jj,, we can rewrite the action as

R? 1/0x0x - =
S = / d%«[—( 2T J0,€30x + JQ353ax>

4o 2
B 1 <80i36i

> — 2iJ,00%¢3 — 2iJy, 592§3> +.. ] (3.31)

Here we can see that the bosonic part and the fermionic part are separated, and after
the T-duality, we will have terms Jg,£302 — Jg,&30%, and jJ13é2§3 — JJ150A2§3. These
terms can not be obtained from any automorphism of the algebra, so the sigma model is
not self-dual.

Let us make a few remarks. Firstly, this sigma model can not be cataloged to the OSp
case discussed in [7]. In that paper, the sigma models of OSp supergroups discussed belong
to superalgebra C(n) and D(m,n), with fermionic generators {Q, @, S,S}. In this case,
the action includes

nIJ(JQleJ - JQIJQJ),

which leads to singular fermionic quadratic terms and can not be T-dualized. In our case,
we only have fermionic generators {@, S} (there are only six fermionic generators), and the
quadratic terms

JQIjQI - Jsljsl

in the action. Obviously, the actions with these forms can be T-dualized. This discussion
can easily be generalized to the AdS, x S?" and AdS, x S?" backgrounds, with the su-
percosets OSp(2n + 1|2)/(SO(2n) x U(1)) and OSp(2n + 1]4)/(SO(2n) x SO(3,1)). The
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algebras of these supergroups belong to B(n,1) and B(n,2) types, which also have the
fermionic generators {@, S} and the similar regular fermionic quadratic terms.

Secondly, this action will only have regular quadratic term and be self-dual if we can
gauge away half of the fermions, i.e. three superconformal charges S’s. But the terms
linear in J appear as there are only two k-symmetry degrees of freedom. Such kind of
term forbids the model from being self-dual. The existence of such term does not depend
on the gauge choice. To see this, instead of choosing 57 and S, let us gauge away Q3
and S3. However, even with this more symmetric gauge choice, we still get terms like
Jp&i0t + Jp&ioht, which keeps the model from being self-dual. The similar arguments
also apply to AdS, x S?" and AdS; x S?" backgrounds in which cases k-symmetry can
only gauged away two and four fermionic degrees of freedom respectively.

Finally, there is another subtlety regarding the number of xk-symmetries in OSp super-
coset models. It was observed in [15] that for the sigma model on AdS; x C'P? when the
string moves entirely in AdSy, the k-symmetry parameter € vanishes so that the number
of k-symmetries increases from eight to twelve, which allows us to gauge away half of the
fermions. However, this does not mean that the model is self-dual in this case since the
model cannot describe the complete superstring in AdSy x C'P? background. Actually, it
was pointed out in [17, 18] that when the superstring moves entirely in AdSy the classical
integrability of the model is still an open issue since the model could not be taken simply
as a supercoset anymore. For example, the string can move in a subspace which includes
AdS4 but is a twisted superspace rather than a supercoset. In this case, the usual analysis
of integrability of supercoset model could not be applied and it is not clear if the model is
still integrable or not [17]. Nevertheless, if just focused on the bosonic model, the string
in AdS, is always integrable, as is well-known. The same issue may happen in the OSp
supercoset models studied in this paper.'

3.2.2 The OSp(6]2) case

For the n=3 case, the supercoset can be AdSy x CP3 = SO(1,2)/SO(1,1) x SO(6)/U(3).
The supergroup OSp(6/2) corresponds to the superalgebra D(3,1), with bosonic subgroup
SO(6) x Sp(2), and it has twelve real fermionic generators transforming as in the (6,2)
representation of SO(6) x Sp(2). It is easy to see that the algebra is similar to the one of
OSp(6]4) [7], which corresponds to superalgebra D(3,2). We can change the Sp(4) gener-
ators [7] with Sp(2) generators and neglect the SO(3,1) spinors indices to get the algebra

i Amn] = 2608, iNkn — Sk, 1)y [Apjs Ronn] = 20(8 i Rin — 8 i Riem),

)
[RmmRkl] =0, [Rmn’ Rkl] - 5(5m/%)‘ni_6mi)‘n/%_6nk>\mi+6ni)‘mk)’
[D,P] = P, [D,K] = —K,
[P, K] =—-2D,
n_ 1. ! L
[D’Q]:iQ’ [Das]:_is,
[P7Ql]:07 [K7Sl]:07

'We would like to thank D. Sorokin for clarifications on this issue.
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[P, 5] = —iQ), (K, Q") = iS",
[Ryy, QF] = i (7' Q% — 675 @Qh), [Rpq, SP] = —i(6P1S% — 57 1),
Ry, Q) = —i(6"'Q" — o7Q)), Ry, 57 = i(o" 5% — gk,
Ny Q7] = 2007 QF, Ay S7] = 2idP 8",
Ny Q] = —2i67% Q)] Ay SP] = —2i6Pk
{Q, Q" =0, (Q, Q" = =P,
{5175k}:0’ {Sl’Sk}:_dle7
{Q', 5"} = =Ry, (@, 5%} = —Ry;,
(Q', 5} = —iokD %Alk (Q1, 5%y = sk D + %Aki, (3.32)

where k,1 = 1,2,3 and the dotted ones are the 3 and 3 of u(3) respectively. Note that ALi's
are the generators of so(6).

The algebra admits the Z, automorphism and the invariant subspaces are
Ho = {P—K,\;.},
Hl = {Ql - Slan - Sl}7
H2 — {P + Ka Da Rkl)Rkl'}a
My = {Q' + ', Q! + S} (3.33)

Similar to the OSp(6|4) case, it does not have a fermionic T-duality symmetry because
the matrix multiplying the gauge field is singular.

4 Conclusion and discussion

We have shown that the sigma models on AdSs x S' and AdS, x CP™ background realized
as supercosets of PSU supergroups are self-dual under the combination of bosonic and
fermionic T-duality, while the AdSs x CP™ background as the supercosets of OSp (n = 1, 3)
supergroups are not. For n = 3, the OSp sigma model is quite similar to the one on
AdS,; x CP3, in which case there is no appropriate fermionic quadratic term to do T-
dualization. However, for n = 1 the OSp(3|2) model in our case is very different from the
OSp case discussed in [7]. This OSp(3|2) model has appropriate fermionic quadratic term,
which allows us to perform fermionic T-duality. Nevertheless, the model is not self-dual
under T-duality, as there are not enough x-symmetry degrees of freedom.

The difference between these OSp cases stems from the fact that they belong to dif-
ferent superalgebras. The cases in [7] belong to superalgebras C(n) and D(m,n), the
0OSp(3]2) case belongs to B(1,1). For the former case, there is no appropriate fermionic
quadratic terms, while for the latter case, the fermionic quadratic terms are not singular
but now the rk-symmetry degrees of freedom are not enough to gauge away the right num-
ber of fermions to allow the model to be self-dual. This discussion can be generalized to
AdSy x 8% and AdSy x S?" backgrounds, both of which could be realized as the supercosets
of OSp supergroups with B(m,n) type superalgebra.
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Another lesson from our study is that for some coset models, they may have differ-
ent supersymmetrized coset realizations, which have different behaviors under fermionic
T-duality. A typical example is AdS, x S2. This indicates that in the study of these back-
grounds, we need not only care about the bosonic backgrounds , but also need to consider
the background RR-flux and the corresponding supersymmetries.

When the superstring moves only in a subspace of the supercoset, the number of x-
symmetries may be enhanced. In other words, the number of physical fermionic degrees of
freedom depends on the motion of the string. In this case, it would be interesting to study
the classical integrability and the self-dual properties of the model.
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A The definition of the su(1,1|n) generators

The generators of the algebra can be taken as

0 1 |0nxa
1
D= 3 1 0 |Opx1 |,
01><n 01><n 0n><n
1 1 —1 |Opx1
P = 2 1 0 |Opx1 |,
01><n 01><n 0n><n
7: Z Onxl
1
K = 3 1 0 |Opx1 |,
01><n 01><n 0n><n

: 1
R} =Eiy2j12 — 05— EEit2i+2,

A 1

= (Brise + Baito), St = (Brivs — Basa),
Q ( 1,042 2,z+2) \/5( 1,042 2,z+2)

7
(Eit21 — Eiya2), Si = ——=(Bit21 + Eiy22), (A.1)

V2

Gl 5l

where i,j = 1,2...n, and

1 he ith li jth
iu’:{ , at the ith line and jth row (A.2)

0, otherwise.

- 14 -



B k-symmetry

In this section we would like to discuss the x-symmetry of the sigma models on AdS, x S?™
(m =1,2,3,4) and AdS; x S*™, (m = 1,2, 3) backgrounds. The coset spaces for these two
case are OSp(2m + 1|2)/(SO(2m) x U(1)) and OSp(2m + 1|4)/(SO(2m) x SO(3,1)).

The algebra of osp(2m + 1|2n) can be realized by supermatrices of the form

X 0
- (50 -

Xt=—-X, Y'i=—-0YC, n=—Cob,

with the condition

where X and Y are even (2m + 1) x (2m + 1) and 2n x 2n matrices respectively, and 6 and
n are the odd (2m + 1) X 2n matrix and 2n x (2m + 1) matrix respectively. The matrices
Cy,, for n = 1,2 are

0001
1 -1
0, = 0 , O = 00 0
-10 0100
-10 0 0

To get the SO(3,1) (or SO(2,1)) part of Sp(4) (or Sp(2)), an reality condition should
be imposed.
These algebras have inner automorphism Q(A) = QAQ~!, where

Iy, 0 O
Q= 0 —-10
0 0 01
for n =1 and
I, 0 O
Q= 0 -1 0
0 0 C4

for n = 2. The Z4-graded subspaces are defined by
Hip = {X € osp(2m + 112n)|QXQ ! = ik X}

The cosets AdSa, x S?™ can be parameterized by the generators belonging to Ho.
Thus a Lie algebra element parameterizing these cosets can be presented in the form

A vil; 0
0 z,T*

where TZ = Ei,2m+1 — EQerLZ',i = 1, 2, e ,2m,
qo_ (10 (01
0-1/’ -10
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for n=1 and

100 0 0010
po_ 010 0oy foo0-1
00-1 0 ~100 0
000 —1 0100
0 001 000—i
p_ |0 010l foo0io
0 —-100 0i00
~1000 —i00 0

for n = 2.
As proved in [15], the k-symmetry of the coset models can be understood as the local
fermionic symmetry with transformation parameters () and ¢®). ¢() takes the form

2) (2 « 2 a 2 o 2) (2 1 2) (2) \ «
oM = AL AR kS + AL RO AD + R AD AR — —ste(RAD AP R, (B2)

where «, § are the world sheet indices, A((f) is the current restrict to Ha, k*° € Hy is
the k-symmetry parameter which is assumed to be independent on the dynamical fields of
these models. The subscript £ in the above relation denotes the components are defined
with respect to the projections defined by Vi = %(70‘6 + 2f )V with 7 being the Weyl-
invariant world-sheet metric. €3 takes a similar form. It is essential that the action remains
invariant under these transformations without using the equations of motion. Thus the x-
symmetry degrees of freedom depend on the rank of e.

Without loss of generality we can assume that the transversal fluctuations are all
suppressed and the corresponding element A® has the form

A _ (vTo 0
0 ixT°

where TV corresponds to time direction in the AdS Space and any element from the tangent

space to S?™ can be brought to Ty by SO(2m) transformation. Notice that the Virasoro
(2

a7
this together with a generic parameter x into eq. (B.2), we find that the £ depends on only
2 (for n = 1) or 4 (for n = 2) independent complex fermionic parameters. The reality

constraint str(A ),A(;l) = 0 demands z? = y? for n = 1 and 222 = y? for n = 2. Plugging

condition reduces this number by half. Thus, the k-symmetry transformation depends on
2 or 4 real fermions. Consequently the same number of fermionic degrees of freedom can
be gauged away.

We have used the above method to discuss the x-symmetry of the supercosets of SU
supergroups and recovered the well-known result in thess cases successfully.
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